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SUMNSN
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A rmthodis suggestedforpredictingtheBtabilityof auto-
.:e.ticallycontrolled.aircraftby a coqsrisonofcalculatedfrequency-
~asponsecurvesfortileaircrtitandexperimmtallydetemnined
frequency-responsecurvesfortheautomaticpilot.Themethodis
.q@iedonlytostabilizaticminZ’OU.Themethodis expectedtobe
usefulesa meansofestal)lish~thespecificatfomof theperform-
ancerequiredof theaut~tic controldeficeforpilotlessaircraft
designedw missiles. .

INTRODUCTION

Experiencehasshownthattheprovisionofautcmaticstabili-
z~.tionforsmellpilotlessaircraftdesignedasmissilesisex&er@y
~f ficult. Thedifficultyisa resultofthehigh-frequencyoscil-
lationsof smaJ.1-sizeaircraftthatrequirerapidcontrolmovements
andsmalltimelegs,characteristicswhichareMfficultto otkain,
particularlywhenthespaceavailablefozztheccmtrolservcmmtors
andintelMgenceunitsis considered.Ih anunpublished&nalysis
madeattheIan@.eyMemorialAeronauticalLshoratoryofwe NACA,
theproblemofdeterminingtiestabilityofan automaticallycontrolled
aircrei-twithlagintiecontrolsystemwasanalyzedtheoreticallyby
assuminga simplifiedequationforthecontrolmotion,thisequation
beingobtainedfrcmtheknowledgeof”thebehaviorof theautomatic
pilot. Becauseof theirregQayresp~sech=acteristicsoftenfound
inautomaticpilots,however,thecontroltitianisdifficultto
representmathematicallyend,hence,tiesim@ifiedequationsof the
controlwerefoundtobe inadequatefortheanalysis.

‘Z3.epresentpa~r suggestsa methodforpredictingtiestability
ofen tircrtitbasedontkeexperimentaldetezmina.tionofthe
characteristicsof itsautomaticpilot.Theprocedureconsists
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esm3ntMUyincalculatingthecontrolmotionrequiredtomaintain *
a continuoussinusoidalmotionofunitamplitudeforthedegreeof
freedom%einginspected.Themotionofthecontrolis obtainedfor
a rangeoffrequencies;thephaseangleofthecmtrolmotionand.
theratioofempli.tudeofcontrolmotiontoairplanemotixmare
plottedas a functionoffrequency,Similarcurvesareestablished
fortheautopilot%y oscillatingitW recordingthecontrolmotion.
Thetwosetsofdataarethencauparedtadeterminewhetherthe
airplane will 13estable under control oftheautomaticpilot.The
methodisdevelapedindstailonlyforstabilizationinroll. It —
maybe usedby theairplmedesignerforeitherdeterminingthe
suitabilityofanexistingautomaticpilotfora pexticularappli-
cationor specifyingthecharacteristicsoftheautomaticpilot
neededforthea~licatim.

, Ema3ms

massofairplane, slugs

radiusofgyrationofairplaneaboutlongitudinalaxis,feet

dynamicpressure,poundspersquarefoot *

wingarea,squarefeet

wingspan,feet

rolling-momentcoefficient(Rollingmoment/qSb)

angleofbank,radians

engularvelocityinbank,rediens

deflecticmofaileron,radisns

persecond(d@/dt)

rateofchange
velocityin

rateofchange

ofroll.ing-mmentcoefficientwithangular
bank,perradhn (acz/*j
of Cz with 5,perradien(bCJ*)

differentialoperator(d/dt)

engularfrequency,radianspersecaud

phaseangle(positiveval.uemeansle@of 5 4headof # .
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maximumamplitudeof $

Control-smplituderatio(ratioofcontroldeflectionto
airplsnedisplace3ent)

laginsecondsbetweensignalforcontrolanditsactualmotion

time,seconds

realpartofrootof stabilityequation

timefozzoscillationtodampto one-halfitsamplitude,seconds

controlmoticmes a ~functicmof time

periodof oscillation,seconds

IIETEREIINIWTONOF CONDITIONSFORXEW!RKLEWABII.LTTY

Themethodof detemdningtieconditionsforneutialstability
isillustratedinfigure1. Thecalculatedphaseangleof thecontrol
motionandthec~culatedratioof tie.smplitudsofcatrolmotionto
airplanemetionareplottedagainstregularfrequencyas shownhy the
solid-linecurves.Theupperdashedcurveis a plotoftheexperimental
ratioof theamplitudeoffcontrolmotiontoautopilotmottonagainst
singularfrequency.Thelowerthreedashedcurvesarethreepossible
experimentalphese-anglecurvesf-ortheautomaticpilot.The
intersectionoftheexperimentalad calculatedcontrol-empMtude
curvesestabliellestheapproximatefrequencyof theairplsnewiththe
autopilotin operation.If,as in thecaseof theintermediate
eqerinmntd.p!cmse-englecurve,theintersectionof theexperhental.
andcalculatedphase-anglecurvesisat thessmefrequencyas the
Intersectionofthecontrol-amplitude-ratfocurves,theairplsnemay
be neutrallystableandmayhe expectedto oscillatecontinuouslyat
thisfrequency.It is,however,moreusualthattheintersectionof
thee~erfmentalendcalculatedphase-anglecurvestillnotbe at
thesamefrequency’astheintersectionof thecontrol-amplitude-ratio
Cuxves. If thephase-anglecurves,as in onecaseshown,intersect
at ? higherfrequencythantiecontrol-emplitude-ratiocurves,the
alrcrai%willbe stable.If,ae in therena.iningcase,theinter-
E ?ctionof tilephase-anglecurvesis at a lowerfrequacy thanthe
control-@lj.tude-ratiocurves,theaircrafttillbe ?nmtable.
Becauseof thenonlinearcharacteristicsofthecon’~clsystem,it
if3generallynecessarytomaketheexperimentsfordifferentsm@i-
tudes. Witha deadspot(insensitivityto smalldeviationsJ there
willprobablybe someamplitudebelowwhichthesystem‘willbe unstable.
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CalculatedfTecfuency-resa~nsecurvesfortheahorsft,- In the.——
applicationofthemethodtoWe caseofaileroncontrolofen air-
craftora missileindependentlystabilizedshoutallthreeaxes,
theequationofmotionfordeterminingthecontrolmovementir3

#

—

Thecalculatedsteady-statesolutionoftheaircraftin‘response&
a sinusoidalforcingfuncticmofunttan@itude 5 = sinat is
$=$= sin(ut+6). (Seeroforence1.) Thevaluesof @m
end e areo%tainedoverthedesiredrangeofangularfrequenciesu
by thesubstitutionof im for D in theequaticm

2a Da + CzpD

!

q.
= .— .—

%5

Thisaubstituti.onisequtvalmtto specifyinganundampedstiusoidal
motionandresultsh theexpressionA + iB fromwhichcanbe——
obtained1

T- ‘1A2+B2 y e ‘--’:- ‘e-l” ‘my
denoteeithera phaselagorlead,deyendingupcmitsquadrant.
If 13 is In the thirdorfourthquadrant,thecontrollagsbehind
thedisplacement,butif C3 isinthefirstorsecond.quadmnt,the
controlleadsthemotionoftheairplane.TheratioofKheamplitudes5.
ana@is J-

Zl&
enamaybe termedthecontrol-an@ituderatioK

of thecontrolsystem,that is, the ratioofmaximumcontroldeflecticm
tomaximumdisplacementinbank.A plotof K and 6 againsto
showstheccmibinationofcontrol-.mplituderatioandphaselagorlead
necessarytomaintainfixedsmplitudeoscillationsatanygiven
frequency.Thesoresultsarethecalculatedfrequency-,responsecurves
duetoa sinusoidalmotionoftheaircraft.

—

.

.

—

@ten.uinationofequivalentsinswaveforthesmtomati.c-pi,l.ot
response.- Theexperimentalfrequency-responsecurvessreobtained
by oscillatingtheautoroe.tlcpilotsinusoidal.lyatvariousamplitudes
throughthedesiredrangeoffrequencies.Thecontrolisassume~to —

oscillateat theSEWMfrequencyastheautcmatic~ilotbutbeoauseof a

the~hysioalcharacteristicsoftheautopilottheccmtrolmotionmy
M.fferwidelyfrom‘atruesinewaveandmayshowarbitraryphase,
amplitude,orw3,ve.rOrmrelations(fig.2}, It isnecessexy,therefore, ‘
to deternd.neSAequivalentsine-waveresptiseforanyarbitraryccmtrol
motion.
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In ordertodetezminetieequivabntsinewaveforanarbitrary
ccmtrolmotion,thefollawlmgrelationsareasswned:

(l) Theworkdonepercycleby a controlfollowin.gthee@va-
lentsinewaveonan aircraftha.~in~a hammnicdisplacementsinU*
mustbe thesaneas‘catdonehy theactualcon+=olvariation.

(2) Thesmgul.arimpulseof theequ3m3U3ntsinewaveactingon
theairplsneovera haM cyclemustequal.We changein~flar
mauentmofthea&d.anecaused.by theactualcmtrolmotiondxring
thesameinterval.

TheworkLoneby a nonlharmonicforce 5(t) offrequencym uyn
a Lammnicmotionsin & isproportionalto

imT

2fl andB1 is thecoef-wheretieperiodoftieoscillationis T = ~ ~

ficient of thecorqyxterrtCOG c.)t. (SeOreference2.} ~is ~a-
Tonentofthecontrolmotionthatisoutof~~asewiththeair-
crtitmotionis‘&eonlyharm.on_$c of tieFourierseriesreprei3entimg
theforcingfunc%~on5(t) whichcontributesto theworkdonecmthe
aircraft.Thesngularinrprd.seisobtainedby integratingthecume of
controldeflectiona&aifisttineo~eia a halfcycle.TM 3 Cozlponentof
thecontrolmotioninphasewiththewinusoiddWtiOII of theS,irCrSft,
obtained,fromthesecondrelation,is

-’l
//!C2

%=: J
5(%)at

G

where A
$

istilecoefficientof thecqonent ~in at. Theccm-
ditiono zeronetimpulseo~era seriesofcyclesmaybeme%by .

adjustingthereferenceaxisfor b(t) so that
.13J

at dt= o”.

ThecmtrolmotionZW+?thenbe expresse&asthesumof the‘a-phase
andout-of-phasecomponents

or
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Thecontrol-amplitude ratio K is aqu.alto I 2snd the2 + El‘1
phaselagofthesystem(3 ~~ tin-l=,Al Thecontrol-amplitude

ratioandthephaselagorleadaredetemuinedfromrecordstaken
of theoscillationsand@ottedagainst:@. In contrasttothe
calculatedfrequency-reeyonsecurveswhichinvolvetheaeroi&namic
andmasscharacteristicsoftheaircraft,-thesee~rimentaUy,
determinedcwves wU.3.be functionsof thedeadspotsandvszd.ous
typesoflagfoundIn thecontrolsystem.In general,thebehavior
of theautomaticpilotwillbe nonlinearandhencea fmily ofcurve~
showingdifferentphaseendamplitudereptim.sforclifferentampl.i-
tud.esofdisturbancewillbe obtained.

Comparisonof thecalculatedfreGuency-responsecmrveeofthq
airci”aftandtheexperimentalfrecmaencv-res curvesofth~
automaticpilot.- Thetwosetsoffi?ecpze~cy~resgonsecurvesshow,on
theonehand,thevaluesof K and 61necessaxyforhunt~ at a
@Ven fxoquencyand.$ontheotherhand,theactual.valuesof K and (3
obtaJnedexperimentallyat thisfrequency.In ordertodeterminefron
theseourveswhethertheaircraftwillhuntinflight,thefollowing
ccmditionsmustbe satisfied:

(1)At a givenfrequencyandamplitudetheexperimentalvalues
of K end 6’mustagreewiththecalculatedvaluee.

(2) mIGUotibnmusthe stableforem..tudeslar~erthanthe
oneatwhichtheairplanewill.hunt(asdetermined.fromthefirst
condition).

Thefirstconditionindicatesthatthecontrol-aqlitudsratio
andphaselagorleadobtainedasa resultofall.typesoflagin
thecontrolsystemmustagreewiththecotiinationoilK and e
necessaryforhuntingtoexist.Thesecondconditionisessential.
topreventinstabilityiftheaircraftisdisplaced,toamplitudes
lergerthantheoneatwhichitwillhunt. Zheaircraftis stable
at theselargermplitudesif,at thefrequencyforwhichthe
calculatedandexperimentalcontrol-amplituderatiosareequal.,the
calculatedvalueofthephaselagrequiredforhuntingisgreater
thantheexperimentalvalue.In otherwords,thecalculatedvalue
of e isa criticalvalueofthelagnecessaryto causetheaircraft
tohunt. If experimentalml.uesof e are10ssthenthecritical
value,theaircraftmotionisdsmped,
theexperimentalvalueof e exceeds
(fig.1).

Illustrativecase.- Theequation

whereasinstabfMty occursif
thecalcula’mdcriticalvalue

of~tfon inb- of a -

—

—

experimentalaircrafttestedin theLangley7- ly 10-foottunnel
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(O.0002h’j~+ O.0024~)@= -0.26455

Solvingtheequationfor 5/@ endsubstitutingim for D give
theeqmession

Theremiltantvaluesof K end 13,thatis,thecalculatedfrequency-
responeecurvesfortheaircraft:areshownas soMd linesinfigure3.
Theeecurves showthat for small values of K thefrequencyof the
steadyoscillationislowandthemotion till not be sustainedunless
thephaselagis large.As K increases,thefrequencyofthes’teaiQv
oscillationincraasesbutthephaselagrequireddecreases.It is
tmpoz’tanttonotethatanautomaticpiiotwitha constanttimelag 2
wouldbe unstableethi@ angularfreq~enciessimcetherelation
betweenangularfrequency,phaselag,andtimelagis G (radians)= ml.

Thee~erimntalfrequency-reeponsecurresw~re03tainedby
oscillatingtheautcuaticpilotat amplitudesof 10°end20°through
theran~eofdesiredangularfrequencies.Theph~e lagendcontrol-
eMp13tuderatioforthetwoamplitudesweredeterminedfromrecords
similartofigure2 endareplottedas a functionof m infigure3
fortwoval.~~esofcontrolsmplituderatio K. Forthisparticular
a.utcmaticpilot,thecontrol-amplituderatiowasindependentof
amplitudewhereaathephaselagvariedwithamplitude.me results
infigure3 indicatethat,foreachcontrol-amplituderatio,the
experimentalvaluesof 8 aregreaterthenthecalculatedphaselag,
andhencetheaircraftwouldbe urmtable.U?q@blishedresultsfra
wind-tunnelteetsindicatedthatthemotionwasunstable,aspredicted
fromthecurvesoffigure3.

lh an efforttomaketheaircrsftstable,thepare.meter6of the
automaticyilotweremodifiedandad~tionalwind-tunneltestswere
performed.Theccmditionsselectedfortinesewtnd-tunneltestiwere,
hawever,differentfromthoseconditionsforwhichtheexperimented.
frequency-res~onsecurveswereobtainedaiidhenceno directprediction
of theaircraftstabilitycouldbemade. Theresultsof thewind-
t~’.nneltestswitkthemodifiedautomaticpilotindj.cateda steady
oscillation,endrecordstakenof thete~tsshowedthatthevalues
of K end (3 agreedverycloselywiththecc.mhinationof K and 6
determinedfromthecalculatedfrequency-respcnsecurves.Thecircled
testpointsoffigure.4showthecotiinationof K and e forthe
casesinwhichsteadyoscillaticmsoccurredin therolJtests.

.
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CALCUIA.TEDFREQUENCYRIEWONSZOFTfU!!AIRCRAii

FORDAMPEDOSCILM.TIORS

~le previouscslcul.ationsofthefrequency-responsecurves
werebasedontheassumptionthatthesinusoidalnmtionofthe
aircraftisneutrallydamped.It is oftendesirable,however,to
determinet!heperformanceofW.automaticcontroldevicerequired
to causetiemotionof %9 aircrefttodampat a suff’i.ckntlyrepi.d
rate.AltJmu@”-nosatlsfactmryanaJ~sis.ofthisproblemhasbeen
given,a qualitativetidicaticmoftherateofdampingtobe eqected
ina givencasemy be obtainedby comp&.ringthenmasuredphaseand
8qpMtudeof thecontroltothephaseendsmplltudecalculatedtobe
requiredtoenforcea givenrataofdcarpfne.

Strictlysyeaking,thOassumede~onential&uPingofthemotion
wouldrequireen exponentialdecreasein theresponseoftheauto-
pilotat decreasingELU@ltudes.In general.,sucha linearreepcnse
cmxmtbeempgctedandhencetile~ thodwillrequirewu?afulJudgmnt
initsapplication.-

.

.—

Theequaticmofdampedmotioninbankfortheillustrativecase
naybewrittenby adding-areal.part N to

I_0.000245(-M+ io.))2+ 0.00245(-)L-I-

where M isgivena valueasdeterminedIy

theinmginaryroot iu .

iag# = -o .2@15a

thedesiredrateof

damping . Themotion dampsh one-half its snplftudein T1/2=~
seconds.Solvingtheequationfor 5/@ givestheexpression

~=
0.0009262 - 0 .OOO92@L2+ o.0~9269+ 1(-O.00926 + 0.00@~)

The frequency-reuponsecurvesshowninfiguro5 werecalculatedfor
vtiuesof M varyingfrom0.175to8.31, me control-amp~tude-
l?atiocurvesme onlyplottedfor V equalto zeroand5 sincethey
tarethelimitin~curvesforthevaluesof M ir.vestigated.Figure~
indicatesthatthecontrol-smylitud.eratioisalmoatindependentof lJ
whereastheyhaselagdecreasesas V increases.Fora controlsystem
witha Givencontrol-amplituderatio,therefore,thedampingofthe
oscillationIncreasesas thephaselagisreduced.If theoscillation
is tod8mpone-haMin lessthan1/7.22 second,thecontrolmotion
mustleadtheaircraftmotion.

‘—
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In ordertoyredictquantitativelythestabilityof themotion
of anaircraftwhichdampsexponentially,theexperimentalfrequency-
responsecurveswouldhavetole obtainedfortheconditionwherethe
forcedoscillationof theautmaticpilotalsodampsexponentially.

CONCLUDINGREMARKS

A methodforpredictingthes’~bilitytirollofautomatically
controlledaircraftby a comparisonoi Calculatedfrequency-response
curvesfor the aircraftandexperimentallydeterminedfrequency-
responsecmvesfortheautomaticpilotiayresented.Themethodis
expectedtobe ui?ef’ulas a meansofestablishingthespecifications
of theperformancerequiredof theautomaticcontroldevicefor
pilotlessaircraftdesignedasmissiles.

LangleyMemorialAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

Lan@eyField,Va.
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